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ON COMPLETE NONORIENTABLE MINIMAL SURFACES
WITH LOW TOTAL CURVATURE

FRANCISCO J. LOPEZ

ABSTRACT. We classify complete nonorientable minimal surfaces in R3 with
total curvature —8m.

INTRODUCTION

Complete minimal surfaces of finite total curvature in three dimensional Eu-
clidean space are interesting objects from the point of view of classical Differential
Geometry.

Some basic structure properties of these surfaces where described first by R.
Osserman [OS], and later, by Jorge and Meeks [JM].

Until recently few classification results have been obtained.

Fixing the value of the total curvature, we know in the orientable case:

e The Catenoid and Enneper surfaces are the unique complete minimal surfaces
with total curvature —4m, by R. Osserman [OS].

e The only complete orientable minimal surface of total curvature —87 and non
trivial topology is the genus one surface exhibited by Chen and Gackstatter
(see [CG]). This result was obtained independently by Bloss [BL] and Lépez
[L1]. See also Barbanel’s work [B] or [L1] for the study of complete genus zero
orientable minimal surfaces of total curvature —8.

In the nonorientable case, these results are known:

e The only complete nonorientable minimal surface with total curvature —6m
is Meeks’ Mobius strip (see [M]).

e The classification of complete minimal once punctured projective planes with
total curvature —107, by T. Ishihara [I1].

e The classification of complete minimal twice punctured projective planes with
total curvature —107, by R. Kusner [K2]. See also [S].

Other examples of nonorientable minimal surfaces can be found in Kusner [K1],
Barros [BA], Ishihara [I2], Oliveira [OL], Oliveira and Toubiana [OT] and [SM].

The author exhibited a complete minimal once punctured Klein Bottle with total
curvature —8m (see [L2]). In this paper we present a uniqueness theorem for this
surface, classifying it as the only complete nonorientable minimal surface in R3 with
total curvature —8m (see Section 3).
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We also study the symmetry group of complete nonorientable minimal surfaces
with critical total curvature (from the point of view of the Jorge-Meeks formula)
and double cover of hyperelliptic type and even genus. We obtain that this group
contains at most four symmetries. Moreover, we prove that the Klein Bottle in [L2]
is the only complete nonorientable minimal surface with non trivial topology of
total curvature greater than —127 and at least three symmetries. For more details,
see Section 3.

The fundamental tools used, apart from Osserman’s classic theorems, are: A con-
gruence formula due to Meeks for the topology and the total curvature of nonori-
entable minimal surfaces (see [M]), together with the Jorge-Meeks formula (see
[JM]) and the Weierstrass representation for nonorientable minimal surfaces (see
[M]).

We also use a nonexistence theorem for complete nonorientable minimal surfaces
with two embedded ends, by R. Kusner [K1].

The uniqueness theorems contained in this paper, together with the results in
[L1] or [BL], yield the classification of complete minimal surfaces in R? with total
curvature —8.

This is the final version of a preprint with the same name. The author has done
a considerable effort in order to get simplicity and clarity. I wish to thank Francisco
Martin for useful conversations about these results.

It could be interesting to notice that recently F. Martin and the author (see
[LM]) have constructed a new family of complete nonorientable minimal surfaces
with arbitrary genus k > 2 (that is, with Euler characteristic of the associated
closed surface 2 — k), one end and large symmetry group. This construction leads
to the minimal once punctured Klein Bottle in [L2] for k = 2.

1. PRELIMINARIES ON MINIMAL SURFACES

In this section we recall some basic results about complete minimal surfaces of
finite total curvature.

Let 2o : M — R3 be a minimal immersion in three dimensional Euclidean space
R? of an orientable surface M.

M has in a natural way the structure of a Riemann surface, and we denote by
g and 7 the meromorphic function and the holomorphic 1-form determined by the
Weierstrass representation of zo (see [0S]).

It is well known that, modulo natural identifications, ¢ is the Gauss map of M.
Moreover,

(1.1) Ty = Real/(¢17¢>27¢>3)

where ¢1 = Z(1 — g%), 2 = i£(1 + g?), 3 = ng are holomorphic 1-forms on M
satisfying 22:1 |x|? # 0.

In particular, the 1-forms ¢y, k = 1,2, 3, have no real periods on M.

Assume now that 2 : N — R? is a nonorientable minimal surface in R3. We can
define a Weierstrass type representation for N as follows:

Let g : M — N be the conformal oriented two-sheeted cover of N, and take
I : M — M the antiholomorphic order two deck transformation for this cover. Put
(g9,m) the Weierstrass data of g = x - 7.

Consider now the antiholomorphic involution Z in the Riemann sphere C =
CU{oo} defined by Z(z) = —1/%, z € C, and write as usual 7 : C — RP? = C/(I),
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the natural two sheeted cover the the Projective Plane, where (Z) = {1,7} (1
represents the identity map in C). B
As zg - I = xp, from (1) we deduce that I*(¢) = ¢y, k = 1,2, 3, that is

(1.2) g-I=7T-gand I*(n) = —ng>

Conversely, given the Weierstrass representation (M, g,n) of an orientable mini-
mal immersion xg, and given I an antiholomorphic involution without fixed points
on M satisfying (1.2), then x¢ induces a minimal immersion x of N = M/(I) in R?
such that g = x - 7.

We call (M, 1,g,n) the Weierstrass representation of z. For more details, see
Meeks [M].

Observe that from (1.2), we can define the “Gauss map” of the nonorientable
immersion z as the unique conformal map G : N — RP? satisfying G - my = 7 - g.

For the remainder, we suppose  : N — R3 is complete and has finite total
curvature C(N).

Then, Huber proved that M is conformally diffeomorphic to a compact Riemann
surface M punctured in a finite number of points { Py, ..., P, [(Py),...,I(P.)}, and
Osserman that the Weierstrass data extends meromorphically to M. In particular,
N is conformally diffeomorphic to N — {Py,..., P,}, where N = M /(I) and P; =
7T0(Pi>, 1= 17 e, T

Therefore, the Gauss map g (or G) has a well defined degree and the total cur-
vature C'(N) is a multiple of —27. In fact, C(N) = —27n, where n = Degree(G) =
Degree(g).

We have stronger restrictions on the topology of N. Meeks [M] showed that the
Euler characteristic x(N) of N and n = —C(N)/27 are congruent modulo 2.

Jorge and Meeks [JM] showed that the asymptotic behavior of M around each
end P; (or I(P;)) is determined by an integer number v; greater than one and

2n = —x(M) +2 (Z(Vi + 1)) -
i=1

In other words,
(1.3) n= —X(N)—FZ(Vl—Fl).
i=1

The numbers v; can be computed via the Weierstrass representation as follows:
(1.4) v; = Maximum{Ord(¢x, P;),k =1,2,3} — 1, i=1,...,m7

where as before n is the degree of the Gauss map G of z.

Assume that N is not the covering of any minimal surface and write Iso(N)
for the isometry group of N. Then, denote by Sym(/NV) the subgroup of Iso(NN)
consisting of those isometries which are restrictions of rigid motions in R3 leaving
x(N) invariant. Calabi proved that Iso(N) = Sym(N) if there exists j € {1,2,3}
such that ¢; is not exact. A complete discussion of this subject can be found in

2. SOME REMARKS ON COMPACT RIEMANN SURFACES

In this section we set forth some basic facts about the classical theory of compact
Riemann surfaces. We refer for more details to [FK] or other related books.
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Let M be a compact Riemann surface of genus k¥ > 1. Denote by Div(M)
the group of divisors of M. As usual, degree(D) is the degree of D € Div(M).
For D1, Dy € Div(M), D; > D, when D;/Ds is an integral divisor. Given f a
meromorphic function on M, [fo, [f]ec, [f] will denote the zero divisor, the polar
divisor and the principal divisor of f, respectively. Remember that [f] = [f]o/[f]cc-
Analogously, if w is a meromorphic 1-form on M, we define [w]o, [w]eo and [w] =
[w]o/[w]eo, the zero divisor, polar divisor and canonical divisor of w, respectively.
Given Dy, Dy € Div(M), we say that Dy and D are equivalent, and write Dy ~ Ds,
if and only if Dy /D5 is principal (that is, Dy/Ds = [f], where f is a meromorphic
function on M).

Given wi,ws meromorphic 1-forms in M, we say that they are equivalent, and
write wy & wo, if and only if w1 — wy is exact (that is, w1 — wy = df, where f is a
meromorphic function on M).

In what follows, Aut(M) denotes the group of holomorphic automorphisms of
M.

Suppose there exists I : M — M, an antiholomorphic involution without fixed
points on M. Assume that k > 2 and M is hyperelliptic.

Then label by A : M — M the only holomorphic involution with 2k + 2 fixed
points on M. The uniqueness of A gives A =10 Ao I. For k even, it is not hard
to see that A o I has infinitely many fixed points on M. However, for k odd, this
does not happen in general (see [R]).

In the elliptic case k = 1, that is, when M is a conformal torus T, we have
a real one-parameter family of holomorphic involutions A on T with four fixed
points satisfying I o Ao I = A. Since the Klein Bottle T/(I) is not conformally
homogeneous, given P € T any point, we can not assure A(P) = P for some
holomorphic involution A in the above family. However, we can prove the following
proposition:

Proposition 2.1. There exists a unique holomorphic involution A on T with four
fized points satisfying: Aol =ITo A, AoI(P)=P.

Proof. The Riemann-Roch Theorem yields the existence of a degree two meromor-
phic function s on T verifying: s(P) = s(I(P)) = oco. As s is determined up
to adding constants and homotheties, and I o I = Id, it is easy to prove that
sol = XS+ p, where A\, p € C and |A\| = 1, Ai+ ¢ = 0. Even more, up to a suitable
change of parameter, we can put so I = —35. Consider A the only nontrivial holo-
morphic transformation on 7" satisfying so A = s, and observe that solo Aol = s.
Since I o Ao I # Id, the uniqueness of A gives o Aol = A. As A(P) = I(P), the
proof is complete. Q.E.D.

In what follows, we will assume that:

e M has genus k > 1.

e [ is an antiholomorphic involution without fixed points on M.

e A is a holomorphic involution with 2k + 2 fixed points satisfying Aol = [o A.
The last equality can be omitted if £ > 1 (it automatically holds).

e Ao has some fixed points on M (hence infinitely many because A o I is
antiholomorphic). This condition can be omitted if k is even (it automatically
holds, see [R]).

Label as s a degree two meromorphic function on M satisfying s 0 A = s. If
k > 2,501 is s followed by a Mobius transformation, and the fact I o I = Id



COMPLETE NONORIENTABLE MINIMAL SURFACES 2741

gives, up to a suitable change of parameter, sol = —5. A degree two meromorphic
function s satisfying the last equation is not unique: for, observe that the changes
s — (ris+ire)/(irss+ra), 7 € R, i =1,2,3,4, yield a real three-parameter family
of such functions. If £ = 1, we can use the ideas of Proposition 2.1 to obtain the
same conclusions.

Write {Q1,...,Qr+1,1(Q1),...,1(Qxr+1)}, the fixed point set of A, and label
d; = s(Qi), i = 1,...,k+ 1. Tt is well known that there exists a meromorphic
function v on M of degree k + 1 satisfying

k+1
2 S — di
! H (S + El ) ’

i=1

Since I has no fixed points, then vo I = —1/%.
Thus, M is conformally equivalent to the algebraic curve

{(w) € (CU {oo})®: 0’ Jﬁ (12)}

=1

with the natural complex structure, and I, A become
I(S,’U) = (_57_1/ﬁ)1 A(S,’U) = (51_’0)'
It is clear that d; # dj, i # j, and d; # —Ej, i,je{l,....,k+1}

For the sake of simplicity, we write d;, —d; instead of (d;,0), (—Ei, 00), respec-
tively, i = 1,...,k + 1. Write also oco; = (00, 1), 002 = (00, —1).

Later we will need the following topological remarks. Let {v1,..., Yk X1, -5 Xk}
be a homology basis of M satisfying:

I'(vi) =, I'(xi)=-xi, i=1,...,k,

and take any meromorphic 1-form w verifying I*(w) = @.

Then, observe that
/wz/ I*(w):/w,
i *(74) Vi

/w:—/ D, ief{l... kb
Xi Xi

Moreover, suppose that [w]s = P"I(P)" and take a conformal disk D in M
such that P € D, I(P) ¢ D. Then, if v is a closed curve winding once around P

and contained in D,
/ w= / w.
¥ I*(v)

Since I reverses the orientation, M is compact and w has singularities only at P
and I(P), general theory gives
/ w — / w=20
¥ *(7)

ff

and analogously

and thus
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We summarize these facts in the following remark:

Remark 2.1. For any meromorphic 1-form w in M satisfying I*(w) = @,

/wER, /wEiR, 1=1,...,k.
Vi X

7

Moreover, if [w]eo = P™I(P)™ then Residue[w, P] € iR.

We are interested in the meromorphic functions on M of degree k + 3 satisfying

g-I1=-1/3.
Proposition 2.2. Suppose g is a meromorphic function on M of degree k + 3
satisfying g o I = —1/g. Then, up to rigid motions in CU {oc} = S?:

s—a

s+«
where o € C, Re(a) # 0 and h is a meromorphic function on M of degree k + 1
satisfying ho I = —1/h.

h

g:

Proof. Up to a holomorphic rigid motion in C U {oo} given by

9— Ag+n)/(ng —X)
for suitable A, u € C, we can suppose g has k + 3 simple poles. Moreover, from our
assumptions below the demonstration of Proposition 2.1, A - I has infinitely many
fixed points. These facts, together with go I = —1/7, yield go A # g. For, observe
that any fixed point @ of A o I satisfies g(1(Q)) = g(A(Q)).

So, a suitable choice of A, p yields that g — g o A has degree 2(k + 3). Since A
has only 2k + 2 fixed points, we can take Q € M satisfying [g — g(Q)]o > QA(Q).
Label @ = s(Q). Up to a holomorphic rigid motion once again, we can assume that
9(Q) = g(A(Q)) = 0 and ¢g(I(Q)) = g(A(I(Q))) = oo. Thus, the meromorphic
function h = g(s + «)/(s — @) has degree k +1 and hoI = —1/h. Q.E.D.

Proposition 2.3. Suppose h is a meromorphic function on M of degree k + 1
satisfying h-1 = —1/h and A([h]o) ~ [h]o. Then, up to relabelling of the Weierstrass
point set of M, {di,...,dkt1, —di, ..., —Ek+1}, there exist A, u € C such that

_ v+ T

A=’

Proof. Take a meromorphic function f satisfying [f] = [k]o/A([h]o) and f-A=1/f.
Assume that there exists a point Q € M such that [h]p > QA(Q). If we write
hi1 = h(s+3(Q))/(s—5(Q)), hy has degree less than k+1 and satisfies hy -1 = —1/h.
The theory of hyperelliptic surfaces implies that h; is a rational function of s (see
[FK, p. 108], and thus hy - I = 1/hy, a contradiction.

Now, we can deduce that f has degree either k + 1 or zero. If not, as above,
f is a nontrivial rational function of s, and so, we can find a point @ such that
[hlo > QA(Q) and get a contradiction.

The case f=constant, i.e. [h]g = A([h]p), implies, up to relabelling of the set
{dy,...,dys1,—d1,...,—dgs1}, that h = v, |u| = 1, and we are done. For, observe
that the nonexistence of any point Q € M satisfying [h]o > QA(Q) yields that h
has only simple zeroes and all of them are fixed points of A.

Therefore, we can suppose that f has degree k + 1 and, in particular, 1/f =
f+A# f. The theory of compact Riemann surfaces (see [FK]) implies the existence

h
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of three polynomial functions Py, P, P> of degree at most k + 1 (and at least one
of them of degree k + 1) satisfying

P2(S)f2 + P (S)f + Py =0.
Since f - A # f, f is not a rational function of s. As a consequence, PZ(s) —

4P5(s)Py(s) = N2w?, where w = v(Hk+1 (s+d;)), and defining Ry = — (P, +2P)/ )\,
Ry = (Py + 2P2) /X we deduce that

f = (Rui(s) + w)/(Ra(s) + w).

On the other hand, f- A=1/f and wo A = —w give Ry = —Rs. Since R; # 0
(f is not constant), we conclude that u = w/R1(s) has degree k + 1. Therefore,
the zeroes and poles of u are fixed points of A (see [FK, p. 108]), and we have
[u]o[u]oe = [wlo-

Since [1 + ulo = [f]o = [hlo, we obtain [(1 +u)/(1+ T I)] = [h([u)s)/[t] oo,
and so there exists a meromorphic function u; satisfying [u1] = I([u]eo)/[t]o-

The case [u]oo = I([u]oo) implies that uy is a constant and w - I = 6, |0] = 1.
Thus, h = p(1+u)/(1+60u), || = 1, and so h-I = 1/h, a contradiction. Therefore,
we can suppose u1 is not constant.

As w1 has simple poles and zeroes and all of them are fixed points of A, we can
deduce (see [FK, p. 108]) that u; has degree k + 1 and I([u1]eo)[t1]oo = [w]o. In
particular, [u]o = I([u]eo) and u; = cu, ¢ # 0. Hence, up to relabelling of the set
{dy,...,dys1,—d1,...,—dgs1}, w= dv, A # 0, and therefore h = (1 +\v)/(A—v),
=1 QE.D.

Lemma 2.1. For k = Genus(M) even, let h be a meromorphic function on M
of degree k + 1 and take P € M such that P # A(P), A(P) # I(P). Suppose
hol = —1/h and D?[h]o ~ A(D?h)o), where D = PI(P) € Div(M).

If there exists J € Aut(M) of order p > 1 satisfying Jol = 1o J, J( )=P
and J([h]o) = [h]o, then p divides k + 1 and either [h]o > A(P)*I(P)?~2 or [h]o >
A(I(P))2PP-2.

Proof. Since A(P) # I(P), s(P) ¢ iR. Define z = (s — s(P))/(s + 5(P)) and
e; =z(d;),i=1,...,k + 1. Observe that |e;| # 1. Then, up to biholomorphisms,

M:{( r) € (CU{oo})? w—]ﬁ@z_—ea)}’

i=1

I(z,z) = (1/z,-1/%), A(z,z)=(z,—x).
As usual, e; = (e;,0), 1/€; = 1/eZ7 ) fori=1,...,k+1, and
k+1
0; = H e 0;), j=1,2.
For suitable choice of the branch, P = 0y, A(P) = 03, I(P) = 001 and I(A(P)) =

2.

It is clear that Ao Jo A = J (see [FK, p. 108]), and so zoJ = Loz, where L is a
Mébius transformation. As z(P) =0, 2(I(P)) = oo and J(P) = P, we deduce that
zoJ = 0z, where ” = 1. But P # A(P) and J(D) = D give J' # A,i € {1,...,p},
and therefore without loss of generality § = Exp(27i/p). Up to relabelling of the set
{e1,...,exsr1,1/€1,...,1/€ks1}, 20 J = 2?2 and thus p divides k+ 1. In particular,
pis odd and J(z,z) = (0z, z).
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Note also that {P, A(P),I(P),I(A(P))} is the fixed point set of J¢, i € {1,...,
p—1}.

Denote by f a meromorphic function satisfying [f] = D?[h]o/A(D?[h]o) and
foA=1/f. Ttisclear that foJ =Af, \’’ = 1. But Jo A = Ao J gives \2 = 1
and so A =1 (p is odd!).

First, observe that f is not constant. For, note that in this case our hypothesis
in the lemma implies [h]o > A(D) and so [h]e = I([h]o) > I[(A(D)) = A(D). Thus,
h has degree less than k + 1, a contradiction.

In particular, 1/f = fo A # f. As a consequence, the theory of hyperelliptic
surfaces (see [FK, p. 108]) implies that f has degree greater than k. In fact,
n = Degree(f) =k +14,i € {1,2,3,4,5}.

On the other hand, f o J = f means that n = pq, ¢ € N. Since p divides k + 1,
p>>5yieldsn=Fk+1.

When p =3, n =k + 1 too. In other cases, n = k + 4. Therefore, there exists a
unique Q € M such that D[h]o, A(D[h]o) > Q. If Q ¢ {P, A(P),I(P),I(A(P))},
then @ # J(Q) and D[hlo, A(D[h]o) > J(Q), which is absurd. Therefore, without
lost of generality we can suppose @ = P. Since D # A(D), we deduce that
A([h]o) > P and hence DI[h]og, A(D[h]p) > PA(P), a contradiction again. Hence,
n==k+1.

Then, there are exactly four points @1, i = 1,2, 3,4 (counting multiplicities), in
M satisfying D[h]o, A(D[h]o) > Qi, i = 1,2,3,4. Label as E the integral divisor of
degree four determined by these points. Since fo A=1/f and foJ = f, we have
A(F) = J(E) = E. So, it is not hard to prove that Q; € {P, A(P),I(P),I(A(P))},
i€{1,2,3,4}. It E = PA(P)I(P)I(A(P)), then [h]o > A(P)I(A(P)) and therefore
Mo = I([hlo) > A(P)A(I(P)). We deduce that h has degree less than k, a
contradiction.

Without loss of generality, we can suppose E = P?A(P)?, and thus [h]o > A(P)?,
[flo = [h]oI(P)?/A(P)?. Furthermore, foJ = f gives [f]o > I(P)? and so [h]op >
I(P)P~2. This concludes the proof. ~Q.E.D.

Lemma 2.2. Take P € M such that P = A(P) and J € Aut(M) an automorphism
of order p > 1 satisfying JoI = 1o J,_J(P) = P. Let h be a meromorphic function
of degree k + 1 satisfying h - I = —1/h, [hlo ~ A([h]o) and J([h]o) = [hlo. Then p
divides k and, up to a biholomorphism and relabelling of the Weierstrass point set
of M,

o k/p

M ={ (z,2) € (CU{o0})?: 2% = zH((zp —eP)/(@2P —1)) 3,

i=1
I(z,2) = (1/2,-1/7), A(z,z)=(2,—x), J(z,2)=(0%20z), h=paz,

where e;, p € C,i=1,...,k, le;| #1, |u] =1 and 6P = 1.
Proof. We suppose P = djy1. Since A(P) # I(P), s(P) ¢ iR. Define z =
(s—s(P))/(s+3(P)) and e; = z(d;), i = 1,...,k. Observe that |e;| # 1. Then, up
to biholomorphisms,
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As usual, e; = (e;,0), 1/8; = (1/€;,00), for i = 1,...,k, and 0 = (0,0), co =
(00, 00). Tt is clear that P =0, I(P) = oc.

As in Lemma 2.1, z o J = £z, where £ = 1. Moreover, J o A = A o J yields,
up to relabelling of the set {e1,...,ex, 1/€1,...,1/ex}, 220 J = &x? and J(z,2) =
(€2,6'22). Then, k = pq, where ¢ € N, and (£/2)P = 1. In particular, p even gives
Jr/2 = A

Suppose there exists a meromorphic function h satisfying the hypothesis of the
lemma. Up to change of parameters and relabellings, we only need to prove that
h = px, |u| = 1. Label as f a meromorphic function satisfying [f] = [h]o/A([R]o)
and fo A=1/f. It is clear that foJ = Af, \? = 1. Furthermore, Jo A= Ao J
gives A2 = 1. If p is even, then the above expression for J gives JP/?2 = A, which
ensures that f - JP/2 = \/2f = 1/f, and so f is constant. Since there are no
points @ € M such that [h]o > QA(Q) (see the proof of Proposition 2.3), all the
zeroes and poles of h are Weierstrass points of M. Therefore, up to relabelling of
the set {e1,...,ex, 1/€1,...,1/€,0,00}, h = pzx, |u| = 1 and we are done. If p is
odd, then A = 1 and f-J = f. In particular, p divides the degree of f. Since
degree(f) < k + 1 and p divides k, we have degree(f) < k and so f is a rational
function of s. As above, there are no points Q € M such that [h]o > QA(Q), and
hence f is constant, that is, as before, h = pz, |u| =1. Q.E.D.

Lemma 2.3. For arbitrary genus k > 1, take P € M such that I(P) = A(P).

Let h be a meromorphic function of M with degree k + 1 and verifying ho I =
—1/h.

If there exists J € Aut(M) of order p > 1 satisfying JoI =1o.J, J(PI(P)) =
PI(P) and J([h]o) = [h]o, then J is either A, B or A+ B, where A,B and A-B
are the only holomorphic involutions on M leaving invariant the integral divisor
PI(P).

Proof. Without loss of generality, s(P) = s(I(P)) = co. It is clear that s-J = As+pu,
Mu€eC. AsJ-I=1-J,then A\ € R, i € iR. Moreover, JP = Id gives A\ = 1 and
so either A = 1 (arbitrary p) or A = —1 (p even). If A =1, JP = Id gives u = 0 and
so J =A.

Suppose A = —1. In particular, p is even. Up to the change of parameter
s — s — u/2, we can assume that s+ J = —s. Define w = (Hfill (s 4 d;))v. Since
J-A=A-J (see [FK, p. 108]), J leaves the fixed point set of A invariant, and so
w? - J = w?, that is, w?(—s) = w?(s). Therefore, either w-J = w or w-J = —w.
So, either J(s,w) = (—s,w) or J(s,w) = (—s,—w). This concludes the proof.
QE.D.

3. MINIMAL KLEIN BOTTLES WITH TOTAL CURVATURE —8r.
THE SYMMETRY GROUP OF NONORIENTABLE MINIMAL SURFACES
OF HIGH GENUS AND CRITICAL TOTAL CURVATURE

Let N be a conformal nonorientable noncompact surface. Let 2 : N — R3 denote
a complete conformal minimal immersion with finite total curvature C(N) of N in
three dimensional Euclidean space.

Label mg : M — N and I : M — M the orientable two sheeted cover of N
and the antiholomorphic two deck transformation associated to this cover, respec-
tively. By results of Huber and Meeks mentioned in Section 1, N is conformally
diffeomorphic to a nonorientable compact surface N punctured in a finite set of
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points {P1,..., P, }, and the Euler characteristic x(N) of N and C(N)/(2r) are
congruent modulo 2.

Assume that x(N) < 1 —k, k > 1, and the degree of the generalized Gauss
map G is k + 3. Note that in the case k = 1, Degree(G) = 4 and the congruence

formula of Meeks implies in fact x(N) < 0. The Jorge-Meeks formula (1.3) and the
congruence formula of Meeks yield the following possibilities:

(i) x(N)=1—k,r=1and v, =3,

(i) x(N)=1—k,r=2and v, =1 = 1,
(iii) x(N)=-1—k,r=1and 1 =1.

Since z(N) is not a plane, (iii) is impossible (see [JM]). A nonexistence theorem
in [K1] ensures that (ii) does not happen either. So, x(N) =1—k, N = N — {P1},
Py €N, and v = 3.

In other words, o = x+mg is a complete minimal immersion with total curvature
—4(3 + k)m of M in R3 satisfying xq - I = z9. We will use the same notation I for
the unique conformal extension of the antiholomorphic involution in M to the two
sheeted orientable cover M of N. Denote this cover also by 7, and observe that I
has no fixed points on M.

If we write Py € M for a lift of Py, then M = M —{P,, P, = I(Py)}, and 11 = 3.

For the remainder of this section, we will assume that M is hyperelliptic. As we
have mentioned in Section 2, up to holomorphic transformations,

k+1
M= {(s,v) € (CU{oc})?:v? = H((s - di)/(s—i-ai))} ,
I(s,v) = (-3,—1/v).

Remember that the points d;, —d;, i = 1,..., 1+k, satisfy the algebraic condition
of nondegeneration:

d; ¢ iR, d;#d;, di#—dj, i1#j, fori,je{l,...,1+k}.
Defining w = v [[}] (s + d;) and P(s) = w?, this condition means that
Resultant[P(s), P'(s), s] # 0.
In the case k = 1, labelling z1 = Re(dy + da), y1 = Im(d; + da), x2 = Re(d1d2)
and ya = Im(dyds), it can be written as follows:
(3.1)  ((4y2 —2z131)* + (4wa + 47 — 27)°) (2722 + 219192 — 13)° # 0.

Call A the holomorphic involution on M fixing d;, —d;, i = 1,...,1 + k, given
by A(s,v) = (s, —v).

As usual, write (g,n) for the Weierstrass data of zo and ¢;, j = 1,2,3, for
the 1-forms given in (3.1). By Osserman’s theorem (see Section 1), (g,7) extends
meromorphically to M. Proposition 2.2 implies that g = h(s — @)/(s + a), where
a ¢ iR, h has degree 1 + k and h - I = —1/h. On the other hand, taking into

account that v4 = 3 in (1.4) and (1.1), we have
[nwh/((s —@)(s + @) ds)] = [h]g/ (o0t 200y > PLI(P1)*).
Therefore, it is not hard to deduce that
(32) [hoD? ~ A([h]oD?)
where D = A(P,)A(I(P)).



COMPLETE NONORIENTABLE MINIMAL SURFACES 2747

Suppose A(Py) = I(Py), that is, up to a natural change of variables, P; = co1,
P, = I(P1) = o02. Remember that in the case kK = 1, Proposition 2.1 yields in
fact the existence of a holomorphic involution A with four fixed points satisfying
A-I =1-A, A(P1) = I(Py), and thus we can omit this assumption. In what
follows, up to the change s — s+ i¥m(«), we will assume that o € R. Up to rigid
motions, Proposition 2.3 yields h = (v — \)/(\v + 1), where A € C, and thus (1.1),
(1.2) and (1.4) imply that:
z+2§%:%,7mzﬁ@2—a%Qv—AM+JfﬂM%d&

From the algebraic point of view, bilinear relations of Riemann and residues
concerning ¢;, j = 1,2,3, can be easily interpreted computing them from the
meromorphic data (¢’,7’) of minimal immersions R-xo with vertical normal vectors
at both ends P;, I(Py) (R is a suitable rigid motion in R). This is the aim of the
following lemma:

g:

Lemma 3.1. On the assumption that P1 = co; and Po = I(P)) = 002, there exist
a rigid motion R and a homothety H in R3 such that the Weierstrass representation
(¢',m") of H- R - is given by

,_(+8-Y)—(s-p-7)

T+ BHY Wt (s—B+Y)
n'g =il((s=B)? =Y")/v=((s+B)% = Y2 +4GTm(Y)s — Re(Y)B)) ds,

where Y = 2aX\/(|A? + 1), B=a(|A? - 1)/(A]* +1).
In particular, |Y|* + 8% = a® # 0.

Proof. Pick a rigid motion R in R? such that
g =R.g=2*t1 g—g(oo1) _(s+B-Y)juo—(s-p-Y)
A+17g(co1)g+1  (s+B+Y)w+(s—p+Y)
where 3, Y are defined as in the lemma.

If (', ¢') is the Weierstrass data of R -z, taking into account that vy = 3, (1.1),
(1.2), and (1.4) give us

ds

Wy = =i (s + B —Y)o— (s = F=V)((s+B+Y)o+(s— 5+ V)"

where a € R — {0}. This concludes the proof. Q.E.D.
Remark 3.1. From Lemma 3.1, if P = 001, P» = 009:
W =—i((s=B+Y) v+ (s+B+Y)v+2(s—B+Y)(s+B+Y))ds,
ng?=—i((s+B-Y) v+ (s=F-Y)/o—2(s+5-Y)(s = -Y))ds.
Take the meromorphic functions on M given by
fi=@+1/v), f2=(v—1/v),
fa=sw+1/v), fi=sv—1/v), f5s=5"(v+1/v).

Fix our attention on the case k = 1, that is, when N is a conformal Klein Bottle
K, and M is a conformal torus 7.

We will use once again the notation x1 = Re(dy + do), y1 = Tm(dy + da),
To = %e(dldQ) and Y2 = (Im(d1d2>, and label T3 = %8(Y), Ys = ‘Im(Y) From
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Proposition 2.1 and without loss of generality P, = oo;, ¢ = 1,2. For technical
reasons, we need the following lemma:

Lemma 3.2. If k = 1 and we define 1 = (1’ —n'g"?), v2 = $(0' +n'g?) and
w3 =1n'g as in (1.1), then ¥; = 7;, i = 1,2,3, where

11 = ((w3y1 + 28y3) f1 + ix3(w1 — 206) f2 + 2y3fa) ds,
T =((8>+ a3 —y5 — (2 +y1)/3) /1
+i(273y3 + (y2 — 2191)/3) f2 + (28 — 221/3) fa) ds,
73 = ((By1 + y2 — 2x3y3 — x1y1/2) fr
+i(Bx1 — 6%+ 20 + x% - yg - :1:?/2)f2 + y1.fa) ds.
Proof. Defining as above w = v(s + d;)(s + da), it is straightforward to check that
’L/Ji—Ti:d(hi), i:1,2,3,
where
d(hy) = d(—2izzw) —i((s —B+Y)(s+B+Y)+(s+3-Y)(s—B-Y))ds,
d(h2) =d(2(s + iy1)w/3)
+((s=B+YV)(s+B+Y)—(s+8-Y)(s—B-Y))ds,
d(hs) = d(i(z1 — 28)w) +i(4(ETm(Y)s — Re(Y)B))ds. Q.E.D.

Consider {71, x1} a homology basis of T satisfying: I*(v1) =1, I*(x1) = —xa1-
Take also a positively oriented Jordan curve v lying in a conformal disc of T,
winding once around co; and leaving cos at the outside.

Since xg is well defined, then for the 1-forms 1, j = 1, 2, 3, have no real periods
and so from Remark 2.1:

(3.3) Y; =0, j=1,23,
7
(3.4) Residue[t);, 001] = 0, j=1,2,3.
As a consequence, there exist suitable constants \;, u; € C, i = 1,2, 3, such that
(3.5) Mt & e, At R poths,  Ase R usis.

It is clear that each point (1,72, Z3, Y1, Y2, y3, ) of R” satisfying 23 +y3+ 3% # 0
and (3.1) yields (defining dy + d2 = x1 + iy1, dida = 2 + iys and Y = a3 +iy3) a
meromorphic data (T, 1,¢’,n') as in Lemma 3.1 that could appear associated to a
minimal immersion of K — {P1} in R? with total curvature —8, and vice versa.

The next lemma summarizes the algebraic information arising from (3.4) and
(3.5):

Lemma 3.3. Under the conditions (3.1) and 23 + y3 + 3% # 0, the equations (3.4)
and (3.5) lead to the following algebraic subvarieties of R”:

Ry = {29 = (26°% — 2Bz1 + 7)/2,23 = 0,1 = 0,92 = 0,y3 = 0},
Ry = {xy = 21(3x1 — 28) /8,23 = 0,1 = 0,42 = 0,93 = (26 — 21) (21 — 45)/8},
Ry = {wy = (26° — 2821 + 21) /2,23 = 0,47 = (2] — 86%)/2,y2 = 191,43 = 0},
Sy ={z1 =208, 252—x§,y1 =0,y = 0,ys = 0},
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Sy = {1 =2Bx0 = (48" = B2y} — yl)/(48% + 43),
x5 = 0,y2 = 4831 /(4% + y3),y3 = 0},

Sy = {1 =0,y1 = 0,5 = 325 + 2252 — 23,3 = 0,8 = 0}.
Proof. From Lemma 3.2, (3.4) is equivalent to

Residue[rs, 001] = —i(21(26% — 2Bz, + x% — 219 — 2x§ — 2y% + 2y§) + 2y192) =0,

Residue[ng’?, 001] = Residue[—7; — i, 001]
= 22(2ﬁ — T — 2iy3>($1 (1'3 — iyl) + iy2> =0.

Assuming that z; = 0, then 2y192 = —2(8 — iy3)y2 = 0. Condition (3.1) gives
y2 # 0, and so y; = 8 = y3 = 0. In this case, 71 =0, 72 = ((32% — x2) f1 + iy2f2)/3
and 73 = ya f1 +i(x2 +23) f2. Since (3.5) is equivalent to \171 = p172, AaT1 = paTs,
372 = 373, we deduce that i(z3 — 2z223 — 375 + y3) = 0, which leads to Ss.

Suppose now x7 # 0. In this case, the above equations of residues again imply
either

(i) 23 = yo — x1y1 = 203% — 2021 + 27 — 222 + 2y3 = 0

or
(i) y3 = 28 — 21 = 26° — 2623 — 2047 + y1y2 — 2622 = 0.

In the first case (i), 71 = 2y3(Bf1+ fa), 72 = f1(46% + 2821 — 23 — 2y — 8y3) /6 +
2f4(38 —x1)/3 and 13 = y1 (fa + (284 x1) f1/2). From (3.5), we have A\y7y = 7,
)\27’1 = WU2T73, )\37’2 = MU3T3, and so

y3(80° + 2 + 247 + 8y5 — 6021)/3 = 11y1ys = y1 (867 — af + 2y7 +8y3)/6 = 0.

As x1 # 0, we obtain yyz = 0. If y3 # 0, then y; = 83% + 22 + 8y3 — 68z = 0,
which together with (i) gets Re. If y; # 0, then y3 = 83% — 2% + 2y? = 0, and
taking into account (i), it yields R3. When y3 = y; = 0, (i) gives R;.

In the second case (ii), x1 # 0 entails that 8 # 0, and defining f = 26f; +
i(y2 — 2By1) f2, we have

(11 = a3y fi, T2 = (2B + (48° + 8823 — yiy2) f1)/(68),

= (y1f +2By2f1)/(28).
From (35), )\17’1 = U172, )\27’1 = U273, )\37’2 = U373 and so
w3yr = (—46%y1 — 8By123 + 46y + yiye)/(126%) = 0.
If x3 =0, we get S3. The case y; = 0 leads to S1. Q.E.D.
From Lemma 3.1 for k = 1, ¢’ is regular at oo;, i = 1,2, if and only if 28 — x1 —
2iys # 0. Therefore, the subvarieties R;, i = 1,2, 3, correspond to the regular case,

and S;, ¢ = 1,2, 3, to the singular one.
Now we can prove the main result of this section.

Theorem 3.1. If k =1 and xg has no real periods, then
($1,$2,$37y1ay27y3a5) € Rla

and up to rigid motions, the immersion xy s the minimal once punctured Klein
Bottle given in [L2].
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Proof. Let u denote the meromorphic function given by
-~ 252 + 229 — x% — 2isy; — 2w
(4y2 + 422wy — a7)1/2

where w = v(s 4 d1)(s + da).

Observe that u has degree two and [u] > ooy /003.

1st case: (1,2, 23,Y1, Y2, Y3, ) € Ry

It is clear that [u] = co?/c03, and, labelling r = (z; — 23)/x1 € R, there exists
a meromorphic function z satisfying 22u = (u — r)(ru + 1). Furthermore,

s(r—1)=pz, w(r—1>%u=—-F*r1+4?), 26ds/w=(1-7)du/(uz).

It is straightforward to check that ¢’ = (u+ 1)(u — r)/((w — 1)z) and n'g’ =
iR(u? — 1)du/u?, R € R. So, up to rigid motions and change of parameters,
corresponds to the surface given in [L2]. For completeness, we give a sketch of the

proof:
First, note that
834 9 oy (ds  AB%(—1+3r—1?)
=—F(2r-3 -1+3 — d
T2 3(7‘—1)4(T e+ (14 7"—|—1“)u)w—|— CEE s
and so,
433r 9 oy~ du
Ty R 3017 1)4(2r—3r +(=1+3r+r )u)a.

On the other hand, (3.1) gives 7, 3, (r> — 1) # 0, oo, and therefore, from
Lemma 3.2, (3.3) and (3.4) hold if and only if:

d
/ (2r —3r* + (=1 +3r +T2)U)—u =0.
71 uz

Defining t = ur, ¢ = (t(t —72)(t +1))"/? and f: R — R by

0
1) = [ (43—t -3m) %,
—1
we conclude that g has no real periods if and only if f(r) = 0.
If we suppose ¢ > 0 for ¢t € ] — 1,0], it is not hard to see that:
e f(r) >0 for r €[0,r1], where r¥ +3r; —1 =0 and r € ]0,1/2[.
o f(1/2) <0.
Therefore, there exist a real root r¢ of the equation f(r) =0 and r¢ € ]0,1/2][.
On the other hand, since dt/((t — r?)¢) ~ (t — r?) dt/((r* + r2)(), we have

0
Fr) = 3/_1((7" 1)t 4 r(1— 27)) dt/C

and so

o f/(r)<0,re]—o0,0]

o If f(r) =0and r > 0, then f'(r) <O0.

It is now easy to conclude that rq is the only real root of f in R. For more
details, see [L2].

2nd case: (21,72, 73, Y1, Y2, Y3, 3) € Ro.

As before [u] = 00? /o003, and, labelling 72 = (z1 — 28)/(271) € R, there exists a
meromorphic function z satisfying 2%u = (u—7)(ru+1). Moreover, s(2r? —1) = 3z,
wu(2r? —1)? = —32%r(1 +u?) and 26ds/w = (1 — 2r?) du/(uz).
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On the other hand,
Ty = a1 (r +u + 2r*u) ds/w + ay ds = by (r + u + 2r*u) du/(uz)
where a; = 84%r(6r2 — 1)/(3(2r2 — 1)*), aa = 48%(6r% — 1)(1 + 2r2)/(3(2r% — 1)?)
and by = a1(1 —2r%)/(208).
Analogously,
T =cC1 (7" +u 4+ 2r2u) du/(uz)

where ¢; = 43%r2(1—4r2)1/2 /(1—2r?)3. Observe that y3 € R yields r?(1—472) > 0.
In particular, 72 € R implies r € R and 1 — 472 > 0. Condition (3.1) becomes f3, r,
2r2 — 1 # 0, 0o, and so Lemma 3.2, (3.3) and (3.4) imply

/ (r 4w + 2r?u) du/(uz) = 0.

If we define t = ur and Z = (t(t41)(t—72))'/2, the last equation yields f(r) = 0,
where f: R — R is given by:

0
Fr) = / (t+72/(1+2r%)) dt/Z.

—1
In what follows, we will assume that Z > 0 for ¢t € ] — 1,0[. Using the fact that
dt/((t—12)Z) =~ (t —r?)dt/((r* +1?)Z) and integrating by parts, we have
0
fl(r)=2r/(1+ 2r2))/ (t+ (2r2 + 3)/(2(1 + 2r?))) dt/ Z.

-1
Since 472 < 1, then 2r? + 3 > 2(1 + 2r?), and so rf’(r) > 0.
On the other hand, integrating by parts,

0

f(1/2) = 2/ (t*+t)dt/Z <0

-1
and therefore 472 < 1 and r > 0 imply f(r) < 0. Since f(r) = f(—r), f has no real
roots on | —1/2,1/2[.

3rd case: (x1,%2,3,Yy1,Y2,Y3, ) € Rs.

Unfortunately, [u] = Qoo;/003, Q # oco1. Since y; € R, then 27 > 8% and so
(17x1 — 488)/x1 > 0. Take r € R such that x17? = 172, — 483. It is clear that
(3.1) gives (r? —17), B, r, (25 + r?)? — 36r% # 0, cc.

Define y = (1 +172 — (3(15 4 5072 — r*))'/24) /(6). Thus, there exists a function
z on T satisfying 6rz2 = (6ry — 25 — r?)(y* — 1). Moreover, a straightforward
computation gives

2(r? —17)(6ry — 1 —12)s = iy1 (r® — 27)(23 — r2 + 6ry) — 144i3r3/ %2,

(r* = 17)*(1 +r? — 6ry)*w
= 28876(B(ao + ary + asy® + asy®) + 6r/2(r2 — 17)y12),

where ag = —3r(49 + r?), a; = 25+ 44r% + 14, ag = —9r(1 + r?) and a3 = 1872
Hence, 2431 /2ds/w = —i(r? — 17) dy/ z.
On the other hand,

Ty = 11523%(r? — 1)(=75 + 3r* — Try — r3y) ds/((r* — 17)*w)
+43°(r* = 1)(r* + 7) ds/(1r* — 17)?
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and so
o & 48133 (r2 — 1)(75 — 3r2 4+ Try + r3y) dy/(r/2 (r? — 17)32).
Analogously,
5 & 24i3%y1 (75 — 3r2 + Try 4+ r3y) dy/ (r'/2 (r? — 17)%2).
Hence, (3.3), (3.4) and Lemma 3.2 imply

/ (75 — 3r® + Try + r3y) dy/z = 0.
71

Up to the change of variables y — —y, z — iz, r — —r, we will assume that
r < 0. Since y; € R, (r2+1)2 > 36r? and so r € J = [-3 — 8/2, —3 + 8'/2]. Thus,
the last integral equation is equivalent to

—1
/ (75 = 3r2 + Try + 3y) dy/z = 0,

Yo

where yo = (25 +r?)/(6r). However, if we label P(y) = 75 — 3r2 + 7ry + r3y, then
P(=1)P(yo) = (r —3)(6r — 25 —r?)(25+ 6r +72)?/6 is greater than zero for r € J,
and therefore the above integral does not vanish.

4dth case: (21,72, %3,Y1,Y2, Y3, ) € S1.
If we define y = u/i and label r = x3/3, then [y] = 00? /002 and there exists a
meromorphic function z satisfying 22 = (y + r)(ry + 1)/y. Furthermore, s = 3z,

w= Fr(1 —y?)/y and 28ds/w = —dy/(yz).
In this case,

31 = 864 (r — y + 2r%y) ds/w + 43%(2r? — 1) ds
and hence
o & —4B%r(r — y + 2r%y) dy/ (3yz).
Since (3.1) becomes 3,7,7% — 1 # 0,00, Lemma 3.2, (3.3) and (3.4) imply

/ (r—y+2ry) dy/(yz) = 0,

that is,

—1/r
/ (r —y + 2r%y) dy/(y=) = 0.

However, r(1 —r?)(r —y + 2r?y) > 0 for y € [-r, —1/r], and so the last integral
never vanishes.

5th case: (2171, T2,23,Y1,Y2, Y3, ﬂ) € So.

Now, [u] = Qoo1/003, Q # oo1. Take r € Rsuch that 72 = (452 +y2)/(45%+9y?)
and observe that condition (3.1) gives 8, 7,72 —1, (1+7r%)%2 —r2(1—-25r%)2, 9r2 —1 #
0. Define y = (—(1 + 3r?)y; + 23(1 — 3472 — 31r*)Y/2u) /(47y;) and observe that
there exists a meromorphic function z satisfying:

22 = =Dy — (1415021 = 5r%)/(4r(r? = 1))).
A straightforward computation yields
(14 3r% + 4ry)s = iy1 (1 — 3r2 + (2r)Y22 + 2ry),
(14 3r2 +4ry)*(1 — 9r*)rw = B*(az + ao + a1y + asy® + asy®),
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where
a=4r(1 —r2)2r)2(1 - 9r?),  ap = 2r(—1 — 182 4+ 147r%),
ay = —1—21r% 4 53r* + 22575, ay = 6r(r? — 1)(1 + 3r?),
ag = 8r*(r? —1).
Hence, yids/w = i(2r)'/2dy/z. Then, it is not hard to check that
o = BYr? = 1)(r — 250 +y + Triy) ds/(6r3 (1 — 9r*)w) — B2(1 + 7r?) ds/(612)

and so 1275 ~ iB%y;(r — 25r% + y + Tr2y) dy/(2'/?r7/%2). Using (3.3), (3.4) and
Lemma 3.2, we deduce that

/ (r —257° + y + Tr?y) dy/z = 0.
71

Up to the change of variables y — —y, r — —r, 2 — 12z, we can suppose r < 0.
Since y; € R, then r2 € [1/9,1], that is, r € J = [-1,—1/3].

Setting yo = (572 — 1)(1 +15r2)/(4r(1 — r?)), it is not hard to prove that yo < 1
for r € J. Thus, the above integral equation becomes

-1
/ (r — 257 +y + 7riy) dy/z = 0.

Yo

Define f:J —{-1/3} = R by

1
flr) = / (—dr +4r® —t + 3rt — Tr¥t + 21073%¢) dt /¢
0

where
t=(y+1ar(r® = 1)/((1 = 3r)(1 =7+ Tr? + 2517)),
¢=t(1=1)(8r(r* = 1) + (Br = (L =7+ 7r* + 25r%)) /2.

Note that ¢? > 0 for ¢ € [0,1] (remember that r € J), and hence we can suppose
¢ > 0on [0,1]. Up to this change of variables, the above integral vanishes if and
only if f(r) =0, r € J.

On the other hand, if we define

7= (—4r 4+ 4r® —t + 3rt — Tr*t + 21r%) /¢,

I =4(1 —13r% + 2157* — 757%) /(1 4+ 3r)(1 — r + 7r? + 2572))

and
h=1¢/(8r(r* = 1) + (3r — 1)(1 — r + 7r* 4+ 25r%)¢),
then
ot /0r +d(h) = (ap — art) dt/¢
where

ap = 4r(—1 — Tr — 20r% + 76r® + 69r* + 75r°) /(1 + 3r)(1 — r + 7r? + 257%)),
ar=(1+7)(1 4 3r — 9872 — 67 + 801r* — 1725r%) /((1 4 3r)(1—r + 7r? + 25¢3)).

Therefore,
1

f’(m:/o1 aT/aT:/OI(aT/aHd(h)):/O (a0 — art) dt/cC.
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As a consequence, if rg € J is a root of f, then

1
f'(r0) = R(ro) / dt/¢(ro)

where

24r3(—17 4+ 12372 — 643r* + 257°)
9r2 — D)1+ 7r2) (=14 r — Tr2 — 25r3)°

R(r) =

However, if r; is the only root of 1 — r + 7r? + 2573 lying in J, then it is not hard
to see that R(r) > 0 on | —1,7[ and R(r) < 0 on Jri,—1/3[. Thus, f'(ro) > 0 if
ro €] — 1,m[ and f'(ro) < 0if ro € Jry, —1/3[.

Straightforward computations yield f(—1) < 0, Limit,__,,3f = —oo and f(r1)
= —(145r 4+ 7r2 — 29737 /(32r1 (r? — 1))/ < 0. Now it is easy to conclude that
f has no real roots on J.

M: (:’El y X2,X3,Y1,Y2,Y3, ﬁ) S 53'

Observe that [u] = c0?/o03. Since z2 € R, then 423 > y3. If we take j € R such
that y2j + 223 = (4x3 — y3)/2, there exists a meromorphic function z satisfying
2juz? = 2j(u® — 1) + (1 — 352)u. Moreover, it is not hard to check that:
)

(1 _|_]2 1/25 — (2]')1/211732:7 (1 +]2)’U’UJ — _2]1,%(1 _|_u2)7
(87)223ds/w = —(1 + j2)2du/ (uz).
A straightforward computation gives

32237 (u—j)ds 8z3 .~ 823(25)/2 (j — u)du
(I+42)? w 1+27 T 0+232  wz

Condition (3.1) gives j, x5 # 0,00, and thus Lemma 3.2, (3.3) and (3.4) yield

/7 (= )/ (1) =0

37’2 =

that is,

0
[ w=idu/uz) =
uo
where ug = (=1 4 352 — (14 1052 + 954)'/2) /(47).

However, for u € [ug,0] we have j(u — j) < 0, and then the above integral does
not vanish. Q.E.D.

Return to the general case & > 1. For the remainder of this section, we will
assume that k is even.

Consider the symmetry group Sym(N) of z : N — R3. Each J € Sym(N)
extends conformally to a diffeomorphism on N fixing P, which we will call J too.
Then, there exists a unique J € Aut(M) satisfying mo+J = J-mpand J+-I =1-J.
It is clear that J({Py,I(P1)}) = {Py,I(Py)}. Define G = {J : J € Sym(N)} and
observe that G is a subgroup of Aut(M) isomorphic to Sym(N).

Theorem 3.2. If Sym(N) is not trivial, then it contains either two or four ele-
ments. Furthermore, if #Sym(N) =4, then A(Py) = I(P).
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Proof. Define ¢ = Order(Sym(N)). Remember that Proposition 2.2 implies g =
h(s—a)/(s+a). Moreover, if weset A = {X € M : A(X) # X, g(X) = g(A(X))},
then from the demonstration of Proposition 2.2 it is clear that A = s~*({a, —a})
and contains four different points {Qo, I(Qo), A(Qo), I(A(Qo)}. On the other hand,
for each J € Aut(M), J- A= A-J (see [FK, p. 108]), and so s - J = L - s, where
L is a Mobius transformation. Moreover, if J € G and R is the rigid motion
that determines J, we have g - J = R . g. Therefore, if X € A, g(J(X)) =
R(g(X)) = R(9(A(X))) = g(J(A(X))) = g(A(J(X))), which implies J(X) € A.
Hence J(A) = A, for each J € G.

Furthermore, if v = (s — «)/(s + ) and J € G, then either v - J = d/u or
u-J = cu, dyc € C, |¢] = 1. In particular, since g-J = R-g (where R is a
rigid motion) we deduce that either g - J = 8/g or g - J = fg, |§] = 1. Label
H={JeG:g9-J=0g,|0|=1}={J € G:u-J = cu,|c] =1} and observe
that H is a cyclic subgroup of G whose order p is either ¢ or ¢/2. It is clear that
J([h]o) = [Rh]o, for each J € H. Take Jy a generator of H.

Since Jo - A = A - Jy and J fixes Py, we have Jo(D) = D, Jo(A(D)) = A(D),
where D = Plj(Pl)

We will distinguish three cases:

(a) A(P1) # Py, 1(Py). Suppose p > 2.

Since Jy € H, then u - Jy = cu, |¢| = 1. If Jo(P1) = I(Py), then u(Jo(P1)) =
uw(I(Py)), that is, cu(Py) = 1/u(Py), which implies |u(Py)|?> = 1/c = 1. In partic-
ular, A(I(Py)) = Pi, a contradiction. Hence, Jo(Py) = Py and Jo(I(P1)) = I(Py).
Therefore we obtain cu(Py) = u(Py), ¢/a(I(Py)) = 1/w(Py). Since ¢ = 1 and
p > 2 imply Jy = A, which is absurd from our hypothesis in (a), we deduce that
u(Py) € {0,00} and thus P; € A. From (3.2) and Lemma 2.1 for P = A(Py), p is
odd and we have [h]o > P?. Since v; = 3, then [ng]e < P1I(P1) (see (1.4)). From
Remark 2.1, Residue[ng, P1] = 0, and therefore ng is holomorphic. Since g has no
real periods, the elementary theory of compact Riemann surfaces (see [FK]) gives
ng = 0, a contradiction.

(b) A(Py) = P;. Assume that p > 2.

Suppose Jo(P1) = Pi. Define z = (s — s(P1))/(s +3(P1)). Then, taking into
account Lemma 2.2 and using its notation for P = P;, up to rigid motions and
relabelling of the Weierstrass point set of M, h = ux, |u| = 1. Consider first
the case Jy # A, that is, p > 2. Hence, z-Jy = 0z, 0 # 1. As u- Jy = cu,
el =1 and u = L - z, where L is a Mobius transformation, we obtain u = bz,
|b] = 1, and thus g = Azz, |A| = 1. Therefore, as in the case (a), ng is holomorphic
once again, a contradiction. Suppose now Jy = A, that is, with the notation of
Lemma 2.2, § = —1, z- Jy = z and p = 2. In this case, u = b(z — 3)/(Bz — 1),
where |b] = 1 and || # 1. Using that 14, = 3 (see (1.4)), it is not hard to check
that ng = i(z — B3)(Bz — 1)dz/2?, and so Residue[ng, P;] # 0, which is absurd.

Hence, Jo(Py) = I(Py). The ideas of Lemma 2.2 and the fact that Jo-I =1-Jy
yield, up to changes of variables, z - Jy = 1/z. Moreover, Jy € H gives

Jo(QoA(Qo)) = QoA(Qo).
Thus 2(Qo) = 2(Jo(Qo)) = 1/2(Qo), and so z(Qp)? = 1. In particular, QoA(Qo) =
I(Qo)A(I(Qo)) and u is constant, which is absurd.
(¢c) A(P1) = I(P1). In this case, Lemma 2.3 implies that G is a subgroup of
{Id, A, B, A - B}. Furthermore, if ¢ = 4 it is easy to prove that H = {Id, A}.
Q.E.D.
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Corollary 3.1. If k =2, then Sym(N) contains at most two elements.

Proof. If ¢ = 4, from the proof of Theorem 3.2 A(P;) = I(P;). Using the notation
of Lemma 2.3 we have G = {Id, A, B, A- B}. Up to change of variables, B(s,v) =
(=s,—1/v) and P; = ooy. Therefore, a = dy + d2 + d3, b = dids + dids + dads
and ¢ = djdads are real numbers. If we define P(s) = s® — as? + bs — ¢ and
Q(s) = —P(—s), then M = {(s,v) € (CU{c})? : v? = P(s)/Q(s)}. Furthermore,
up to rigid motions, change of parameters and relabellings, from the definition of
G and Propositions 2.2, 2.3 we get

g=(s—a)/(s+a), ng=i(s*—a?)ds,

where o € R — {0}.
It is clear that 2¢o = ((s — a)?v? + (s + a)?) ds/v. If P(s) has three real roots
dy,dy,ds and, for instance, |di| < |dz| < |ds|, from Remark 2.1 we have

—ldz|
Js
—lds|
which is absurd (observe that (s — a)?v? + (s + «)? > 0 on [—|d3|, —|d2]]).
Hence, both P(s) and Q(s) have only one real root, for instance, d; and —d;
respectively. Up to the change s — s/d;, we will suppose that d; = 1.
On the other hand, Remark 2.1 once again gives Residue(¢1,001) = 0, that is:

a® — 2ab + 2¢ + 2aa’ + 20%a = 0.
Since P(1) = 0, we have b = a + ¢ — 1, and so the last equation gives
2(a—1)c=a((a+a—1)2+(1+a)?).
Therefore,
2(a — D(a+c) =a((a+ a)® +a?).

On the other hand, as P(s) = (s — 1)(s®> + (1 — a)s + ¢) has only one real
root, s + (1 — a)s + ¢ has no real roots, and hence (a — 1)* < 4c. So, 2¢ =
a((a +a—1)2?+ (1 + a)?)/(a —1) > 0, and thus a/(a — 1) > 0. Therefore,
2(a+c) =a((a —a)®> +a?)/(a—1) > 0. As a consequence, as? + ¢ > 0, for each
se[-1,1].

To finish the proof, note that

2¢1 = iR(s)ds/v

where R(s) = (s + a)? — (s — a)®v?
A easy computation gives R(s) = (s — a)?(as?® +¢)/Q(s) + 4as, and taking into
account that Q(s) > 0 for each s € | — 1,1[, we deduce that

e R(s) >0if s €[0,1] and o > 0,
e R(s)>0if s€]—1,0] and a < 0.

Remark 2.1 yields

/_11 R(s)ds/v = 0.
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However, f_llR(s)ds/v = 2f01 R(s)ds/v = 2fi)1R(s)ds/v, and this integral
obviously never vanishes. Q.E.D.

We say that a complete nonorientable minimal surface NV in R? has trivial topol-
ogy if N = RP?2 — {Py,..., P.}. A complete study of these surfaces with low total
curvature can be found in [I1], [K1], [K2] and [S].

As a consequence of our results, we have

Corollary 3.2. The only complete nonorientable minimal surface with total cur-
vature greater than —12w, nontrivial topology and at least three symmetries is the
once punctured Klein Bottle described in Theorem 3.1.

The proof is an easy consequence of the congruence formula of Meeks, the Jorge-
Meeks formula, the nonexistence theorem of Kusner in [K1], Theorem 3.1 and
Corollary 3.1.
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